It is shown that particles undergoing discrete-time jumps in 3D, starting at a distance r 0 from the center of an adsorbing sphere of radius R, are captured with probability (R − cσ)/r 0 for r 0 ≫ R, where c is related to the Fourier transform of the scaled jump distribution and σ is the distribution's root-mean square jump length. For particles starting on the surface of the sphere, the asymptotic survival probability is non-zero (in contrast to the case of Brownian diffusion) and has a universal behavior σ/(R √ 6) depending only upon σ/R. These results have applications to computer simulations of reaction and aggregation.
I. INTRODUCTION
A celebrated result in probability theory states that in three or higher dimensional space, particles undergoing diffusion or Brownian motion have a chance to escape to infinity rather than be captured to a finite adsorbing surface. This was first demonstrated in the case of random walks (discrete versions of Brownian motion) on a 3D cubic lattice, on which a walker starting at a site adjacent to the adsorbing origin escapes with probability I −1 ≈ 0.659463 or is captured with .
(
In fewer than three dimensions, walks return to the origin an infinite number of times and are thus recurrent; while in three and higher dimensions they escape and are transient. The transient nature of random walks in 3D is the basis for long-range diffusive transport and is essential for many important physical phenomena involving particles that must escape a locally trapping region.
The same phenomenon in continuum theory is illustrated by the problem of adsorption of diffusing point particles on a spherical boundary of radius R. Say the particle starts initially at a distance |r 0 | ≥ R from the center of a sphere. The survival probability S(r 0 , t) up to time t satisfies the backward diffusion equation ∂S(r 0 , t)/∂t = D∇ 2 S(r 0 , t) with the initial condition S(r 0 , 0) = 1 for all |r 0 | > R and the boundary conditions S(|r 0 | = R, t) = 0 and S(|r 0 | → ∞, t) = 1 for all t. Exploiting radial symmetry, the solution to this equation is easily found at all times t
Taking the limit t → ∞, one finds that the probability to ultimately escape is simply
a well-known result in probability theory. The capture probability is P (r 0 , ∞) = 1 − S(r 0 , ∞) = R/r 0 .
In this paper, we ask how having a finite step-length in the diffusing particle's motion and discrete time-steps affects the continuum results in Eqs. (2, 3) . In particular, we consider a random walker in 3D continuum where, in each step of equal time interval τ , the particle jumps isotropically a distance r drawn from a distribution 4πr 2 W (r), bounded above by 2R, but otherwise arbitrary. If the particle jumps inside the sphere it is captured. Let S n (r 0 ) be the probability that the particle, starting at r 0 ≥ R, survives up to step n. The net capture probability is then
. The question of the net capture probability in this case is also important to many computer simulation problems, where particle diffusion is carried out by such a discrete-time process, typically through a Pearson flight in which the particle at each time step jumps a discrete distance ℓ which may be of the order of magnitude of R or even larger. The capture probability can be used to find chemical or catalytic reaction rates, and is also relevant to non-equilibrium growth studies, notably in diffusion-limited aggregation [4] and related aggregation models. There has been little (or no) discussion on how the simulation's jump length affects the ultimate results of these simulations.
Another situation where a finite jump length is relevant is when particles are diffusing in a gas and the mean free path becomes comparable to the diameter of the adsorbing sphere. Then the motion of the diffusing particle is not an infinitesimal Wiener process described by the diffusion equation, but instead is described by the Ornstein-Uhlenbeck theory of Brownian motion with inertial drift, integrated to position space [5] . Only after particles travel a certain distance do they "forget" their initial direction and continue in a random direction. An approximation to this process is given by discrete random walk.
For the discrete random walk problem, we find that the survival probability S n (r 0 ) becomes substantially modified from its continuous-time counterpart S(r 0 , t). We show that the ultimate survival probability S ∞ (r 0 ) has the following asymptotic behavior
where σ 2 = 4π W (r)r 4 dr is the mean-square jump distribution and c is a constant (computed explicitly below) that depends upon the details of W (r). Thus if the particle starts very far from the surface of the sphere, the final survival probability has a similar expression as in the continuoustime case in Eq. (3), except that the effective radius of the sphere R ′ = R − cσ shrinks by a finite 'extrapolation' length cσ (see Fig. 1 ). On the other hand, if the particle starts right outside the surface of the sphere we find a rather surprising result: in sharp contrast to the continuoustime case, the survival probability is nonzero and moreover has a universal value 1/ √ 6 in units of the dimensionless ratio σ/R, and is completely independent of the other details of the jump distribution (see Fig. 2 ).
II. DERIVATION OF RESULTS
To derive these results our strategy is to first map the capture problem to the so called 'flux' problem to a sphere and then use the known results of the latter problem. This mapping works both for continuous-time Brownian motions as well as for discrete-time random walkers. For simplicity we discuss first the mapping for continuous-time Brownian motions. The continuoustime flux problem, first studied by Smoluchowski [6, 7] , is defined as follows. Consider an infinite number of noninteracting Brownian particles initially distributed with uniform density ρ 0 outside a sphere of radius R in 3D. Each particle subsequently performs Brownian motion and, if it reaches the sphere, it is absorbed. If ρ(r, t) denotes the density profile at time t, the instantaneous flux to the sphere is Φ(t) = 4πR 2 D∂ r ρ(r, t)| r=R . The density profile ρ(r, t) can be calculated easily as follows. For the uniform initial condition, ρ(r, t) is only a function of the radial distance r and it satisfies the diffusion equation
for r ≥ R with the initial condition ρ(r, 0) = ρ 0 and the boundary conditions ρ(R, t) = 0 and ρ(∞, t) = ρ 0 . One can reduce this problem to a 1D diffusion problem with F (r, t) = rρ(r, t) satisfying ∂ t F (r, t) = D∂ 2 r F (r, t), and F (r, 0) = ρ 0 r and F (r = R, t) = 0, whose solution can be easily found via the method of images.
Dividing F (r, t) by r one gets the density profile
Consequently the flux is Φ(t) = 4πRDρ 0 [1 + R/ √ πDt] which tends to a constant Φ(∞) = 4πRDρ 0 at long times. Comparing with Eq. (2) one sees that the survival probability S(r 0 , t) has the same expression as the density profile ρ(r, t)/ρ 0 in the flux problem provided one replaces r by r 0 in the latter problem.
To understand the origin of this connection between the two problems it is useful to discuss both of them simultaneously in terms of a single Green's function. The Green's function G(r, r 0 , t) for finding the particle at position r at time t, starting at r 0 outside the sphere at t = 0, satisfies
subject to the initial condition G(r, r 0 , 0) = δ(r − r 0 ), and the absorbing boundary condition G(r, r 0 , t) = 0 for |r| = R. In the flux problem, given an arbitrary initial density ρ(r 0 , 0), the density at time t can be found from ρ(r, t) = G(r, r 0 , t)ρ(r 0 , 0)dr 0
where the integration is over r 0 > R. In the capture problem, the survival probability S(r 0 , t) up to time t, starting at r 0 , can also be written in terms of the same Green's function,
where the integration is over r ≥ R. For uniform and isotropic initial density ρ 0 in the flux problem one gets from Eq. (7) ρ(r, t) = ρ 0 G(r, r 0 , t)dr 0 .
Since the Green's function G(r, r 0 , t) is symmetric in r and r 0 for unbiased Brownian motion, it follows by comparing Eqs. (8) and (9) the equality
This leads to the quite general result that the probability S(r 0 , t) a particle at position r 0 survives up to time t can be found directly by solving the density profile in the corresponding flux problem starting from an initial uniform density. Eq. (10) just says that the net probability a walker starting at point r 0 survives up to time t is the same as the sum of the probabilities that particles starting at every point in space reach r 0 in time t without being adsorbed. We note that the same general argument goes through even for discrete-time random walks, leading to the relation S n (r 0 ) = ρ n (r 0 )/ρ 0 , where ρ n (r 0 ) is the density profile at step n of the corresponding discrete-time flux
problem. This equivalence is also discussed in Refs. [8, 9 ].
Thus we can use many of the discrete-time flux-problem results from Refs. [9, 10, 11] to study the present capture problem. Besides mapping those results onto the present problem, we derive several new results, details of which will be given in [12] . We also reformulate the mathematical expressions in order to scale out the root-mean square (r.m.s.) jump length σ from the integral expressions and leave them dimensionless [13] .
We consider that a particle at position r ′ (with r ′ > R) jumps in one time step (of duration τ ) to a new position r with a jump distance |r − r ′ | that is drawn independently from an isotropic distribution 4πr 2 W (|r − r ′ |), bounded above by 2R, and normalized as 4π 2R 0 W (r)r 2 dr = 1, as illustrated in Fig. 1 . Because of radial symmetry, this problem can be formulated as a one-dimensional problem, exactly analogous to the case of radial diffusion discussed above, with effective densitỹ ρ n (r) = rρ n (r) and an effective jump probability given by the symmetric, non-negative function
which is also normalized to unity,
f (x)dx = 1. The r.m.s. jump length of f is 1/ √ 3 times the jump length for W :
where ℓ m is the maximum of the jump distance, and the subscript n represents the time step.
We rescale the jump distribution by σ and thus define a new function g(y) by f (x) =
(1/σ)g(x/σ) so that g(y) is normalized to unity and has a second moment of 1/3. Two important quantities related to g(y) appear:
and
In [11] , the general solution to Eq. (12) is given, in terms of a double Laplace transform of
Here we analyze that result explicitly in two important limiting cases:
(i) For r 0 ≫ R and for a large number of time-steps n ≫ 1, the discrete-time survival probability S n (r 0 ) behaves as
where R ′ = R − cσ. This is valid for r 0 ≪ nσ, in which case r 0 is well within the maximum distance a particle can travel in n bounded steps. We can write the above result explicitly in terms of time t = nτ , and introduce the effective diffusion coefficient
which implies that the factor 2σ 2 n/3 in (15) (2), except that the effective radius of the capture sphere is reduced, as shown in Fig. 2 . The ultimate survival probability for r 0 ≫ R is simply S ∞ (r 0 ) = 1 − R ′ /r 0 as given in Eq. (4) Note that if we take the Brownian limit of σ → 0 and τ → 0 with D = const., then Eq. (15) becomes Eq. (3) exactly.
(ii) For n = ∞, the Laplace transform of the steady-state solution, written in terms ofĝ(k),
where
for r 0 − R ≪ σ. When r 0 = R, this gives Eq. (4). If we set σ = R (the mean jump length equal to the radius), the escape probability from the surface is 1/ √ 6 ≈ 0.408248. This compares with the escape probability ≈ 0.659463 for a cubic lattice that follows from Eq. (1).
It is interesting to note that as σ → 0, the first term in Eq. (18) vanishes, but the second term does not. Thus, no matter how small σ/R is, in the small region near the surface R < r 0 ≪ R + σ, the slope of the curve of S ∞ (r 0 ) vs. r 0 has the value b/R rather than the value 1/R corresponding to the diffusion-equation solution.
Because the asymptotic flux Φ(t → ∞) has a universal value 4πDRρ 0 in the Brownian limit, one might wonder whether the universality of S ∞ (R) given by Eq. (4) (now viewed in the context of the flux problem) is related to that universal flux value. The flux Φ n as n → ∞ is found from [12] :
and depends upon the behavior of S ∞ (r) within a distance ℓ m of the sphere. For Φ ∞ to give 4πDRρ 0 to leading order in σ/R, it follows that we must have which leads to f (x) = 1/(2ℓ) for x ∈ (−ℓ, ℓ) or g(y) = 1/2 for y ∈ (−1, 1) (and zero otherwise),
The number c = 0.29795 . . . has had a fairly long history. It first appeared in [9] in the context of the flux problem, where its value was determined through a numerical iteration. It later appeared independently [14] in a study of the asymptotics of a sum of random variables with a uniform distribution, and was evaluated by a slowly converging double summation. The integral form (21) was given in [15] in the context of the 1D random-walk problem. Finally, relation between the 3D flux and 1D random-walk problems was shown in [10] .
For the Pearson flight, we can find F ∞ (z) to higher order numerically F ∞ (z) = 1/ √ 6 + bz + 0.2362658938z 2 + 0. (1 − z) k F ∞ (z)dz, then we find I 0 = 2/ √ 6, I 1 = 1/3, and I 2 = 2c/3. We also find F ∞ (1) = 2b.
As a second example, we consider that the jump is uniform within a sphere of radius ℓ, so that 
III. FURTHER DISCUSSION AND CONCLUSIONS
In deriving these results, we assumed that adsorption occurs only if the final position of the particle falls within the sphere -thus trajectories that pass through or graze the sphere are assumed not to adsorb. Including these events lead to corrections of higher order in σ/R [9] . Physically, of course, such trajectories should be adsorbed, so in that case our results are only accurate for σ/R ≪ 1. However, for computer simulation it is easiest and therefore common to only check for adsorption based upon the final position, in which case our results are exact as long as W (r) = 0 for r > 2R.
The assumption W (r) = 0 for r > 2R is necessary so that the transformation from the 3D to the 1D problem described by (12) is exact. Once on the 1D level, however, the mathematics of the calculation holds for any length jump distribution, and here we consider two infinite-range models. If σ ≪ R, then the probability of jumping beyond 2R is very low and these results should
give good approximations to the true 3D behavior.
In the first of these models, we consider the exponential distribution g(y) = 3/2 e 
